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1 Additive Bases of Finite Order

The fundamental object in additive number theory is the sumset. If h>2 and

Ay, ..., Ay are sets of integers, then we define the sumset
A1 +--+Ap,={a1+---+ap:a; € Aj fori =1,..., h}. (1)
If Ay = A, =--- = Ay = A, then the sumset
hA=A+A+---+ A (2)
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is called the h-fold sumset of A. If 0 € A, then
AC2AC---ChAC(h+1)AC--.

For example,
{0,1,4,5} + {0,2,8,10} = [0, 15]

and

{3,5,7,11} + {3,5,7,11,13,17,19}
= 6,8, 10, 12, 14, 16, 18,20, 22, 24, 26, 28, 30}.

The set A is called a basis of order h for the set B if every element of B can
be represented as the sum of exactly /& not necessarily distinct elements of A, or,
equivalently, if B C hA. The set A is an asymptotic basis of order h for B if the
sumset 2 A contains all but finitely many elements of B, thatis, if card(B\hA) < oco.
The set A is a basis (respectively, asymptotic basis) of finite order for B if A4 is a
basis (respectively, asymptotic basis) of order 4 for B for some positive integer /.
The set A of non-negative integers is a basis of finite order for the non-negative
integers only if 0, 1 € A.

Many classical results and conjectures in additive number theory state that some
“interesting” or “natural” set of non-negative integers is a basis or asymptotic basis
of finite order. For example, the Goldbach conjecture asserts that the set of odd
prime numbers is a basis of order 2 for the even integers greater than 4. Lagrange’s
theorem states the set of squares is a basis of order 4 for the non-negative integers
No. Wieferich proved that the set of non-negative cubes is a basis of order 9 for
No, and Linnik proved that the set of non-negative cubes is an asymptotic basis of
order 7 for No. More generally, for any integer k > 2, Waring’s problem, proved
by Hilbert in 1909, states that the set of non-negative k-th powers is a basis of finite
order for Ng. Vinogradov proved that the set of odd prime numbers is an asymptotic
basis of order 3 for the odd positive integers. Nathanson [11] contains complete
proofs of all of these results.

Notation: Let N, Ng, and Z denote the sets of positive integers, non-negative
integers, and integers, respectively. For real numbers x and y, we define the intervals
ofintegers [x,y] ={n e€eZ:x <n <y}, (x,y]={neZ:x <n <y}, and
[x,y) ={n € Z: x <n < y}. Forany sets A and A’ of integers and any integer c,
we define the difference set

A—A ={a—ad :aeAandd’ € A"}
and the dilation by c of the set A
c*x A={ca:ae A}

Thus, 2 * N is the set of positive even integers, and 2 * N — {0, 1} = N.
Denote the cardinality of the set X by | X|.
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Let f be a complex-valued function on the domain £2 and let g be a positive
function on the domain 2. Usually, £2 is the set of positive integers or the set of all
real numbers x > xo. We write f<<g or f=0(g) if there is a number ¢ > 0 such
that | f(x)| < cg(x) forall x € 2. We write f>>g if there is a number ¢ > 0 such
that | f(x)| > cg(x) for all x € £2. We write f = 0(g) if limy_ o0 f(x)/g(x)=0.

2 A Lower Bound for Bases of Finite Order

For any set A of integers, the counting function of A, denoted A(x), counts the
number of positive integers in A not exceeding x, that is,

Ax)= Y 1=]An[lx].

acA
1<a<x

Theorem 1. Let h > 2 and let A = {ay}32 | be a set of non-negative integers with
ag < ag41 forall k > 1. If A is an asymptotic basis of order h then

A(x) > x/h (3)
for all sufficiently large real numbers x and
ax < k" (4)

for all positive integers k. If A is a basis of order h, then inequality (3) holds for all
real numbers x > 1.

Proof. If A is an asymptotic basis of order /, then there exists an integer no such
that every integer m > ng can be represented as the sum of / elements of A. Let
X > xo and let n be the integer part of x. Then A(x) = A(n). There are n —ng + 1
integers m such that

no <m < n.

As the elements of A are non-negative integers, it follows that if
m=aj+---+a, witha; € Afork =1,....h

then

0<a,<m=<n fork =1,...,h.

The set A contains exactly A(n) positive integers not exceeding n, and A might
also contain 0, hence A contains at most A(n) + 1 non-negative integers not
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exceeding n. As the number of ways to choose / elements with repetitions from
a set of cardinality A(n) + 1 1is (A("}z Jrh), it follows that

h
n+1-—ng=< (A(n;l-i-h) < —(A(n)h!-i— ")

and so
A(x) = An) > (W + 1 —ng))V" —h > n'/h > x1/h

for all sufficiently large x. We have A(ax) = kifa; > 1 and A(ax) = k — 1 if
a; = 0, hence

k> Alag) > a'"

or, equivalently,
ax < k"

for all sufficiently large integers k, hence for all positive integers k.
If A is a basis of order 2 then 1 € A and so A(n)/n > 0 for all n > 1. Therefore,
A(x) > x" for all x > 1. This completes the proof. O

Let A be a set of non-negative integers. By Theorem 1, if A is an asymptotic
basis of order / then A(x) > x!/”*_If A is an asymptotic basis of order / such that

A(x) < x!/h

then A is called a thin asymptotic basis of order h. If hA = Ny and A(x) < x'/"
then A is called a thin basis of order h. In the next section we construct examples of
thin bases.

3 Raikov-Stohr Bases

In 1937 Raikov and Stohr independently published the first examples of thin bases
for the natural numbers. Their construction is based on the fact that every non-
negative integer can be written uniquely as the sum of pairwise distinct powers of 2.
The sets constructed in the following theorem will be called Raikov-Stohr bases.

Theorem 2 (Raikov-Stohr). Leth > 2. Fori = 0,1,...,h — 1, let W;={i, h+i,
2h+i, ...} denote the set of all non-negative integers that are congruent to i modulo
h, and let F(W;) be the set of all finite subsets of W;. Let

Ai=1{) 2/ FeF(W)
feF
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and

A=AoUA 1 U---U Ay_;.
Then A is a thin basis of order h.

Proof. Note that foralli = 0,1,...,h — 1 we have 0 € A4; since @ € F(W;) and
" rep2/ = 0. This implies that

h—1
Ao+ Ay + -+ Ajy gh(UAi) = hA
i=0

Moreover, 4; N 4; ={0}if0<i <j <h-1.
First we show that A is a basis of order /. Every positive integer n is uniquely
the sum of distinct powers of two, so we can write

o0
n= E e;2/,
Jj=0

where the sequence {¢; }?":O satisfies ¢; € {0, 1} forall j € Np and ¢; = O for all
sufficiently large j. Because

(o ¢]

> g2 e 4,

Jj=0
j=i (mod h)

it follows that

o0
_2: 0J
n= g2

j=0

h—1 00
3| D SRS
i=0 j=0
j=i (mod h)
€Ao+ A1+ -+ Apq

C hA

and so A is a basis of order A.
We shall compute the counting functions of the sets A; and A. Let x > 2~ For
everyi € {0,1,...,h — 1}, there is a unique positive integer r such that

2(7‘—1)h+i <y < 2rh+i‘
If a; € A; and a; < x then there is a set

FClh+i,....r—Dh+i)
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such that

ai=Z2f.

feF

The number of such sets F is exactly 2”. Because 0 € A4;, we have

Ai(x) <27 —1< 2" <27i/hyl/h

and so
A(x) = Ao(x) + A1(x) + -+ + Ap—1(x)
h—1
< <Zzl—i/h) y1/h
i=0
_ 1 1/h
= (=) "
Thus, A is a thin basis of order /. This completes the proof. O

For h = 2, the Raikov-Stohr construction produces the thin basis 4 = Ag U A3
of order 2, where

Ao =1{0,1,4,5,16,17,20, 21, 64, 65, 68, 69, 80, 81, 84, 85,256, .. .}
is the set of all finite sums of even powers of 2, and
A =10,2,8,10,32,34,40,42, 128,130, 136, 138, 160, 162,168, 170,512, ...}

is the set of all finite sums of odd powers of 2.

4 Construction of Thin g-adic Bases of Order A

Lemma 1. Let g > 2. Let W be a nonempty set of non-negative integers such that
W(x) =0x+ 0(1)

for some 6 > 0 and all x > 1. Let F (W) be the set of all finite subsets of W. Let
A(W) be the set consisting of all integers of the form

a=Ye.g". (5)

weF
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where F € F(W)ande, € {0,1,...,g — 1} forallw € F. Then
x? < AW)(x) < x?

for all sufficiently large x.

Proof. The nonempty set W is finite if and only if 6 = 0, and in this case A(W) is
also nonempty and finite, or, equivalently, 1 < A(W)(x) < 1.

Suppose that & > 0 and the set W is infinite. Let W = {w;}°2 |, where 0 < w; <
wy <wz <---.Let§ =0ifw; > 1andé = 1ifw; = 0. For x > g"1, we choose
the positive integer k so that

g = x < gl

Then
log x

Wi =<

< Wk+1

and

1 61
k=W(OgX)+8= 2T Lo,
log g log g

where W(x) is the counting function of the set .

Ifa € A(W) and a < x, then every power of g that appears with a nonzero
coefficient in the g-adic representation (5) of a does not exceed g"*, and so a can
be written in the form:

k
Cl:ZewigWi’ where e,,, € {0,1,...,g—1}.
i=1
There are exactly gk integers of this form, and so

O log x
AW)(x) < g = goer TOM « «F

Similarly, if @ is one of the g¥~!

form:

— 1 positive integers that can be represented in the

k—1

wr

a= E en; 8"
i=0

then
k—1 Wk—1

a<y (g-Dg" <Y (g—1g/ <g1T < g <
i=0 =0
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and so
AW)(x) = g1 =1 x?.
This completes the proof. O

Theorem 3 (Jia-Nathanson). Let ¢ > 2 and h > 2. Let Wy, Wy, ..., Wj_1 be
nonempty sets of non-negative integers such that

No=WoUWjU---UW,_,

and
Wi(x) = 6;x + 0(1),

where 0 < 0; < 1fori =0,1,...,h— 1. Let
0= max(60,91,...,c9h_1).

Let AWy), A(Wh), ..., A(Wy_1) be the sets of non-negative integers constructed
in Lemma 1. The set

A=AWo) UAW) U --- U A(Wp—1)
is a basis of order h, and
A(x) =0 (xe) .

In particular, if

Wi(x) = = + 0(1)

fori =0,1,....,h—1then A = A(Wp) U A(Wy) U ---U A(Wp_1) is a thin basis
of order h.

Note that it is not necessary to assume that the sets Wy, Wy, ..., Wy_; are pair-
wise disjoint.

Proof. Every non-negative integer n has a g-adic representation of the form
t
n=D_eng”,
w=0

wheret > Oande, € {0,1,...,g — 1} forw=0,1,...,t. We define the sets

Fo={we{0,1,...,t}:we Wy}
Fi ={W€{0,1,...,I}ZW€W1\W0}
F,={we{0,1,....t}:we W\ (Wo U W)}

F,_{ = {WG{O,I,...,t}ZWE Wh_l\(W()U"'UWh_z)}.
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Then F; € F(W;) foralli = 0,1,...,h—1.Since 0 € A(W;) fori = 0,1,...,
h — 1, we have

t h—1
n= Zewgw = Z Z eng" € AWp) +---+ A(Wy—1) € hA.
w=0 i=0weF;

Thus, A is a basis of order A.
By Lemma 1,

AW (x) = O (xel') —0 (x9>
foralli =0,1,...,h—1, and so

h—1
AW)(x) = D AW = 0 (7).
i=0

If6; =1/hforalli then® = 1/h and A is a thin basis. This completes the proof.
O

Consider the casewhen W; = {w € No : w=1i (mod h)}fori =0,1,...,h—1.
We shall compute an upper bound for the counting functions 4; (x) and A(x). For
each i and x > g*, choose the positive integer r such that

Then
A,'(x) < gr 1< gr < gl—(z'/h)xl/h

and so

h—1 h—1
e g—1
AW) = D Ai(x) < g T = St

Applying the mean value theorem to the function f(x) = x!/, we obtain A(x) <

ghx" 1In particular, if g = 2, we obtain A(x) < l_zl_l/hxl/h < 2hx'"_ This
special case is the Raikov-Stohr construction. For 4 = 2 the Raikov-Stohr basis
A ={agjzr, withag < aj4 fork > 1 satisfies

A
A9 oy Vi=3414...
Jx
Letting x = ay, we obtain
3—-242
G 322G ogsy
k? 2

If A is a basis of order / then the order of magnitude of the counting function
A(x) must be at least x1/" and there exist thin bases, such as the Raikov-Stohr
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bases and the Jia-Nathanson bases, with exactly this order of magnitude. Two natural
constants associated with thin bases of order /4 are

e A

op = inf liminf ——
ACNy x—oo x1/h
hA=Ng

and AG0)
X
= inf li —
= o, e
hA=Ng
Stohr [16] proved the following lower bound for S,.

Theorem 4 (Stohr).
h
h!
hZ o
“Ir(l+1/h)
where I'(x) is the Gamma function.

In particular, lim sup,_, .o A(x)/+/x > /8/7 for every basis A4 of order 2.
Open Problem 1 Compute the numbers oy, and By, for all h > 2.

p

This is an old unsolved problem in additive number theory. Even the numbers o
and 8, are unknown.

S Asymptotically Polynomial Bases

Leth > 2, and let A = {ax}72, be a set of non-negative integers with a; = 0 and
ayp < a4 forall k > 1. If A is a basis of order 4, then there is a real number A,
such that a; < Ak” for all k (Theorem 1). The basis A is called thin if there is also
a number A; > O such that a; > A1k for all k. Thus, if A is a thin basis of order
h, then there exist positive real numbers A; and A, such that

a

Alfk—',jskz

for all k. In Theorems 2 and 3 we constructed examples of thin bases of order / for
all h > 2.

The sequence 4 = {ax |32, is called asymptotically polynomial of degree d if
there is a real number A > 0 such that ax ~ Ak? as k — oo. If A is a basis of order
h and if A is also asymptotically polynomial of degree d, then d < h. We shall
describe a beautiful construction of Cassels of a family of additive bases of order
h that are asymptotically polynomial of degree /. The key to the construction is
the following result, which allows us to embed a sequence of non-negative integers
with regular growth into a sequence of non-negative integers with asymptotically
polynomial growth.
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Theorem 5. Leth > 2 and let A = {ay {72, be a sequence of non-negative integers
such that

. . Ok+1 — Ak
liminf =1 =%

koo gD/ =a>0.

For every real number y with 0 < y < «a, there exists a sequence C = {ck {7,
of non-negative integers such that C is a supersequence of A and

o = (Yh—k)h +0 (k).

Proof. Let B = {by}72 | be a strictly increasing sequence of non-negative integers
such that

h
by = (Vh—k) + O(k"=2).

Because 4 > 2 and by = (yk/h)h (1 + 0 (k_z)), we have

b —be (B ((k + 1" k" + 0" )
h—1)/h h—
b (%) (14 0 (k-2) B0

_ (k" 4+ 0 (k2))
kR (14 0 (k2 D/
oy +o(())

(14 0 (k=2)) B0/
=yl +o(1)

and so
i br+1— bk
im ————

N

Suppose there exist infinitely many k such that, for some integer m = m(k),

bk < am < am+1 < br41.

The inequality
biy1 — bk > Am+1 — dm S Adm+1 —dm
b](ch—l)/h b](ch_l)/h a}(ﬁ—l)/h
implies that
b —-b a —a
y = lim ktl kzliminfMZa>y
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which is impossible. Therefore, there exists an integer K such that, for every integer
k > K, the interval (bg, by 1] contains at most one element of A.
Choose the integer L such that

ap <bx <ap+1.

We define the sequence C = {cx}p>, as follows: Let ¢x = ai for k =
1,2,...,L.Fori > 1, we choose cp+; € (bx+i—1,bk+i] as follows: If the inter-
val (bg+i—1,bk+i] contains the element ay from the sequence A then ¢y 4+; = ay.
Otherwise, let ¢y +; = bk ;. As the interval (bg+;—1, bx+i] contains at most one
element of A for all i > 1, and since every element a; of A with k > L is con-
tained in some interval of the form (bx4i—1,bg+i] withi > 1, it follows that A is
a subsequence of C. Moreover, for every k > L + 1,

br—r+k-1 < ¢k < br—L+k.

As

br—L+x = (%)h (k—L+ K)h + O(kh_z) _ (Vh_k)h L0 (kh_l)

and, similarly, by_;+x—1 = (yk/h)h + 0 (kh_l), it follows that

cr = (Yh—k)h +0 (kh—l) .

This completes the proof. O

6 Bases of Order 2

In this section we describe Cassels’ construction in the case i = 2. We need the
following convergence result.

Lemma 2. Let 0 < o < 1. If {qx}72 , is a sequence of positive integers such that

) dk—1
lim
k—o0 qk

then

T g1+ g2+ -+ gk 1
im

k—00 qk l—a
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Proof. For every non-negative integer j we have

Te—j _ lim Qk—i-1 _ J. (6)

Let 8 be a real number such that @ < 8 < 1. For every ¢ > 0 there exists a number
K = K(B, ¢) such that

qk—1 <B
qk

forallk > K (7

and
K _ (1 —ﬂ)g.

p 4

(8)
If k> Kand k — K = r then

Gk > B k1 > B2 qk—2 > - > B gy = X gk = 7,
where ¢ = ,BKqK > 0, and so

lim g = oo. 9)
k—o00

If0 < j <k — K + 1, then inequality (7) implies
j—1
qk—j — 1_[ qk—i—1 < ,Bj
qk ico k=i

For k > 2K we obtain

k—1 00
+ S 1 _ .
q1 T+ 42 6]k_l :ZCIkJ_Za]
qk —« o St
K-1 . k—K+1 _ k—1 .
TS i R ST
i=o | 9k =k 9 k4 T Tk
Ky k—K+1 K2 o o
S ] T
j=o | j=K =19k =k
K—1 K—2 K
_ . ; 2
B L= o T 1/3_
ol ak —ae 1=
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It follows from (6), (9), and (8) that for j = 0,1,..., K — 1 and all sufficiently
large k

k=i _ il <« &
qk 4K
and
1 &
qr 4K
and so
g1+ g2+ -+ gk 1
— <e.
qk l -«
This completes the proof. O

Theorem 6. Let {q;}$2, and {m;}$2, be sequences of positive integers such that

g1 =1 (10)
and, foralli > 2,
(gi-1.9i) = (Gi-1.qgi+1) =1 (11)
mi—1>qi +qiv1—2 (12)
and
miy1qi+1 = miq; +m;_1¢;—1. (13)

Define the sequences { Qi {72, of non-negative integers and { Ax }32_, of finite arith-
metic progressions of non-negative integers by:

k-1
Ok = Y _mig;

i=1

and
A = Ok + gk * [0, my].
Let
o
A= U A = {an};ozo
k=1
whereag = 0 < ay < ap < ---. Then A is a basis of order 2, and, for every positive

integer K, the set | Jy— g Ay is an asymptotic basis of order 2.

Let A(x) be the counting function of the set A, and let My = 25:11 m; for
k>11IfMp <n < Mg, then

an = Qr + (n — My)qx. (14)
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If Ok <x < Qg1 then

A(x):Mk+|:x_Qk].

dk
Proof. As Q41 — Ok = myqx, it follows that
{Ok, Ok+1} € Ak € [Ok, Qk+1]

and
Ak = Qk+1 — gk * [0, mg].
Also, Q1 =0, Q2 = m1q1 = my, and Ay = [0, m1], hence

[2Q1,2Q2] = [0, 2m1] = 2A1
We shall prove that
20k, 20k+1] € Ag—1 + (Ax U Ag41) € 2 (Ag—1 U A U Ag11)

forall k > 2.
Letn € [2Qk,2Qk+1]- There are two cases. In the first case we have

20k =n =< Qk + Ok41— (g — Dgr—1.

Because (qx,gx—1) = 1, there is a unique integer r such that

n=20k—rqk—1 (mod gg)

and, by (12),
0<r=<qrx—1=<my_;.

Then Qy —rqr—1 € Ax—1. There is a unique integer s such that
Sqk =n —2Q0k + rqi-1.
It follows from (17) and (18) that
0<n—-20k+rqr-1 < Qk+1 — Ok = MkYk,

and so
0<s <myg.

Therefore, O + sqx € Ay and

n=(Qk—rqk—1)+ (Qk +5qr) € Ap—1 + Ag.

273

(15)

(16)

(17)

(18)
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In the second case we have

Ok + Ok+1— (g — Dgx—1 +1 =n <20 41. (19)

The set R = [gx — 1,qx + qr+1 — 2] is a complete set of representatives of the
congruence classes modulo gg +1. Because (gx—1,qx+1) = 1, it follows that there
is a unique integer r € R such that

n=Qk+ Qk+1 —rqk—1 (mod gg1).
Inequality (12) implies that
0<gr—1=7r=qr+qrs1 —2 = mi— (20)

and so Qx — rqx—1 € Ax—1. There is a unique integer ¢ such that

g1 =N — Qr — Ok41 + 1q_1,

Inequalities (19), (20), and (13) imply that

WGrsy = (r—qr + Dgr—1 +1>1

and

11 < Ok+1— Ok +1q5_1 < Mpqr + Mig—19k—1 < Mi41qk+1

and so

1<t < Mpg41.

Therefore, Q41 + tqx+1 € Ax+1 and

n=0r—rqk—1) + (Ok+1 +1qrs1) € Ag—1 + Ak+1.

This proves (16). It follows that U}zozl A 1s a basis of order 2. Moreover, for every
positive integer K,

20K+1.00) €2 ( U Ak)

k=K

and so | Jg— ¢ Ak is an asymptotic basis of order 2.

Let A = {a,}52,, whereap = 0 < a; <a <---,and let A(x) be the counting
function of the set A. Formulas (14) and (15) are immediate consequences of the
construction of the set A. This completes the proof. O
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Theorem 7. Let 0 < o < 1 and let {q;}72, be a sequence of positive integers with
q1 = 1 such that, for alli > 2,

(qi-1.9i) = (qi-1.qi+1) =1 (21)
gi+1(qi+2 + qi+3) > qi(qi+1 + qi+2) + qi-1(qi + qi+1) (22)
and
lim =1 — (23)
i—>o00 (;

Define the sequences { Qi } 7>, of non-negative integers and { Ay }32_, of finite arith-
metic progressions of non-negative integers by:

k—1

Qk =Y _qi(qi+1 + gi+2)

i=1

and
Ak = Ok + gk * [0, gk +1 + qr+2]-
Let
0
A= A = tan}3o.
k=1
where ag = 0 < ay <ap < ---. Then A is a basis of order 2 such that

2
. . apy1—a o (1l —«
lim inf —*+ i > ( )>

0.
k—o0 n |

Note that the sequence {g; }7>, of Fibonacci numbers defined by g1 = g =1
and giy> = qi+1 + g; for i > 1 satisfies the conditions of Theorem 7 with o =

(V5-1)/2.

Proof. For every integer i > 1 we define the positive integer m; =¢q;+1 + ¢i+2-
Inequality (22) implies that the sequence {m;}7>, satisfies the hypotheses of

Theorem 6, and so A is a basis of order 2. For k > 1 we define:

k—1

k-1
My =) mi =) (git1+Gi+2).

i=1 i=1

Then { M} }7? , is a strictly increasing sequence of positive integers. For every pos-
itive integer n there is a unique integer k£ such that

Mg <n < Myy,.
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By (14) we have
an = Qr + (n — Mi)qx
and so
an+1 — an = gk,
hence

a 1—da
n+ n_Qk> dk

n no Mgy

Condition (23) implies that limg o0 gx = 00. As

M1 Z%H + gi+2

a = qx
k+1 4 k+2 q
DI
=gk

2Z__|_2611c+1 +Qk+2 261_1_61_2’
i1 4 qk dk 4k

it follows from Lemma 2 that

. My 2 2 1 4+«
lim = + == -
k—oo (i l—a o o o?)(l—a)
Therefore,
— 21 —
liming 2L 9 oy Gk U9
k—o0 n k—oo M 41 14+«
This completes the proof. O
Theorem 8 (Cassels). There exist a basis C = {cp},— of order 2 and a real
number A > 0 such that ¢, = An? + O(n).
Proof. By Theorem 7, there exists a basis A = {a,}5~, of order 2 such that

lim infn_>oo(an+1 —ap)/n > 0. Applying Theorem 1 with 4 = 2, we see that
a, < n? and so liminf, s oo(dnt1 — an)/al/ > 0. Applying Theorem 5 with
h = 2, we obtain a sequence C = {c, ;2 of non-negative integers and a positive
real number A such that C is a supersequence of A and ¢, = yn? + O (n) . This
completes the proof. O
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7 Bases of Order & > 3

We start with Cassels’ construction of a finite set C of integers such that the ele-
ments of C are widely spaced and C is a basis of order & for a long interval of
integers. The construction uses a perturbation of the g-adic representation.

Lemma 3. Let h > 3. Let v and L be positive integers with L > h. Define
g = 21y,

Let C = C(v, L) denote the finite set consisting of the following integers:

gh +eghl +2vg" 2 e for0<e<g,

(i + Dgh +egh! +eg! for0<i<h—3and0<e<g,
(h—1Dg" + (dvg +r)g"h' + (dvg +r)g"2 for0<q <2 'and 0 < r < 2v,
hg" + £gh=1 for0 <{ < Lg.

Then

(i) The h-fold sumset hC contains every integer n in the interval

[(h2 +§h—2)gh’ (h(hz—i— 1) n L) gh).

gh <c¢ < (h+L)gh.

Ifc > hg", thenc¢ =0 (mod gh~1).
(iii) Ifc, ¢’ € C and ¢ # ¢’, then

(ii) If c € C then

lc —c'| > vg' 2 —g.

(iv) If c € C and y is any integer such that

= —vgh_2 (mod 4vgh_2)

then
lc—y|>vg" 2 —g.

Proof. (1) Every non-negative integer n has a unique g-adic representation in the
form:

n=ep 18" +ep 28"+ +e1g +eo, (24)

where e;_; > 0 and

0<e; <g forj =0,1,...,h—2.
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If n satisfies the inequality

h2+3h—2 hth +1
(—+2 )gh§n<(—(2+)+L)gh

then e;,_; satisfies the inequality

h?+3h—2 h(h + 1
(PP e (D) e

The digit e, satisfies the inequality 0 < e,_, < g = 4v2"~!. There are two
cases, which depend on the remainder of e;_, when divided by 4v.
In the first case, we have

epn =4vg +r with0 < g <2 land 0 < r < 2v.
Rearranging the g-adic representation (24), we obtain

n= (0= 1)g" + (4vg + )" + (dvg + 1)g" )

+h_ ((i + Dgh +eig" ' + eigi) + (hgh + ﬁgh_l) ; (26)

i

w

I
o

where
h—2

1
t=a-S- it g

Inequality (25) implies that

1
HOHDE

(h2+3h—2
(> (———=
- 2

)g—(h—l)(g—l)—

and
/< (h(h+1) +L)g—h(h+l)g

- L
2 2 g

and so hg" +£g"~1 € C. Thus, (26) is a representation of n as the sum of 4 elements
of C, thatis, n € hC.
In the second case, we have

ep—n =4vg +r 4+ 2v with05q<2h_1and05r<2v.
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From the g-adic representation (24), we obtain

n = ((h=1)g" + (dvg + g™ + (dvg + r)g"2)
h—3 '
+y ((i +Dg" +eg" " + €igl)
i=1

-+ (gh +eog" !t +2vgh 2 4+ eo) + (hg" + Egh‘l) , (27)

where

h—3
E=ern = (2= = 3o - (") g

4 2
i=0

As in the first case, inequality (25) implies that 0 < 7 — 1 < £ < Lg and so
hg" + £g"~1 € C. Thus, (27) is a representation of 7 as the sum of 4 elements of
C, thatis, n € hC. This proves (i).

To prove (ii), we observe that the smallest element of C is g” and the largest is
hg" + (Lg —1)g"' < (h+ L)g". 1fc € C and ¢ > hg" then ¢ = hg" + £gh™!
for some non-negative integer £ < Lg, hence ¢ = 0 (mod g"~!).

To prove (iii), we assert that every integer ¢ € C satisfies an inequality of the
form:

4svgh=2 <c < (@s +2vg" 2+ ¢ (28)

for some non-negative integer s. There are four cases to check.
Ifc = gh+eg"142vg"24e with0 < e < g then we choose s = 2"~ 1(g+e).
Because
4svgh—2 — gh + egh—l
and
s +2g" 2 +g=g" +eg" " +20¢" 2 4 ¢

it follows that ¢ satisfies (28).

Ifc=(@G+1Dg"+eg" ! +eg’ withO <e <gand0 <i <h—3thenc
satisfies (28) with s = 2#71((i + 1)g + e).

Ifc = (h—1g" + (dvg +r)g" ' + (4vg + r)g" 2 with 0 < g < 2" and
0 < r < 2v then ¢ satisfies (28) with s = 2"~ ((h — 1)g + 4vq +r) + q.

Ifc = hg"+£g" ! with 0 < £ < Lg then c satisfies (28) with s = 2"~ (hg+1).

This proves (28). It follows that the distance between elements of C that satisfy
inequality (28) for different values of s is at least 2vg"~2 — g. If ¢ and ¢’ are distinct
elements of C that satisfy inequality (28) for the same value of s, and if ¢’ < ¢, then
we must have

0<c—c <2vg" 244

This can happen only if ¢ = g" 4+ eg" ™' +2vg" 2 4 eand ¢’ = g" + eg" ' + ¢
with 0 < e < g, and so ¢ — ¢/ = 2vg"~2. This proves (iii).
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Finally, to prove (iv), we observe that if y = —vg”"~2 (mod 4vg"~2) then y =
4s'vgh=2 — ygh=2 for some integer s’, and the distance between y and any integer
satisfying an inequality of the form (28) is at least vg”~2 — g. This completes the
proof of the Lemma. O

Lemmad4. Forh >3, letv; =2 and g; = 2ht1,. — 2i+h+1fori =0,1,2,....
Then ‘
J
pi=y vigh?<gh
i=0
Proof. We compute p; explicitly as follows:

J

oo h—2 J ,
p; = Zviglh—z _ Zzz (21+h+1) — »(h=2)(h+1) Zz(h—l)z
i=0

i=0 i=0

(h—2)(h+1) (2(”‘”(“1) - 1) Sh2hj—j=3 _ yh?~h—2
= 2 - —

2h=1_] 2h=1_1

< oh(+h+1) _ g?

because, for A > 3,
2h2+hj—j—3 + 2h2+hj+h < 2h2+hj+h+1 < 2h2+hj+2h—1

2 : _ 2_p
<2h +hj+2h 1+2h h 2. 0

Theorem 9. Let h > 3. There exists a strictly increasing sequence A = {ax 7>, of
non-negative integers such that A is a basis of order h and

ak+1—ak 1

lim inf GD/h 2 T
k

k—o00 a

Proof. Let
A(=1) = [o,2h2+2h].
We define
L=2"_h-1
and, fori =0,1,2,...,
v =2

g = 2htly, = gith+l

and

J

h—2

Pj = E vVigi -
i=0
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For j =0,1,2,..., let
A(j)=p; +C(;. L),

where C(v;, L) is the finite set of positive integers constructed in Lemma 3. We
begin by proving that

A= Al
j=-—1

is a basis of order A.
First, we observe that

I(—1) = [o,hzhzﬂh} — hA(—1) C hA

and, by Lemma 3,

h? +3h =2 h(h + 1
1) = [+ (2 ) gy + (M2 L) ) € ha)

for j =0,1,2,....As h? 4+ 3h —2 < 2"*1 for h > 3, it follows that
2 2
hpo + h”+3h=2) gh = pohtD=2) 4 h” +3h—2 oh(h+1)
2 0 2
< h2h2—h—z + 2h2+2h
< poh?+2h

and so the intervals /(—1) and 7(0) overlap. Similarly, for j > 0 the intervals /()
and I(j + 1) overlap if

12 4 3h 2 h(h + 1
hpjt1+ (#) gier <hpj + (% + L) g- @

Because vjy1 = 2v; and g,41 = 2g;, we have

g"

_ nh+j-1,h—2 _
=2 8 2h+j+3"

— . h—2
Pji+1—=Pj =Vj+18j41

Rearranging inequality (29) and dividing by gﬁ.‘, we see that it suffices to prove that

h h?+3h—=2\_, Gh-=2)(h+1) _,,
2h+j+3 ( 2 )2 = D) + 2.
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This follows immediately from the inequalities 72 + 34 — 2 < 2"+ and

h o, =2+
oh+j+3 = ° = 2

for j > 0 and & > 3. Thus, the set A is a basis of order /.
Next, we show that the elements of A are widely spaced. Leta,a’ € A witha’ #a
anda € A(j) and a’ € A(j’) for j, j/ > 0. We shall prove that

h—2
la —a'| ZVvig&i ~—&j-

Suppose not. If j = j’ then there exist ¢,c’ € C(v;,L) with ¢ # ¢’ such that
a=pj+candd = p; + ¢. By Lemma 3 (iii) we have |[a —a'| = |c — ¢/| >
ng?—z —gj. Thus, if |a —d'| < ng?—z —gjthen j # j'.

The sequences { p ;C’:O and {g; }3":0 are strictly increasing sequences of positive
integers. If j < j’, then ngi?‘3 < vj/gﬁ?,_3 and so

vigh™2—g;=(v;gh 3 —1)g < (g — gy =vjgh?—g;.

Thus, if j < j'and |a — d'| < ng?—z — gj then also |a — d'| < Vj/g?/_z — g
Therefore, without loss of generality, we can assume that j' < j.

By Lemma 3 (ii) we havea > p; + g? anda’ < pj/+(h+1L) gﬁ.‘,. The inequality
la —d'| < ng?—z — g; implies that

a >a _ng?—z +g;>pj +g§’ —ng?_z

=Pj-1+ g? =pj-1+t 2hg?_1 > pj-1+ hg;‘_l.
Combining the upper bound in Lemma 3 (ii) with Lemma 4, we get
a/ < p]/ + (h + L)gﬁl/ < (h + 1 + L)gil/ == 22hg§l/ == 2hg?/+1 = g?,_i_z.

Asg? <a/<g?/+2,we seethat j' < j <j’'+2andsoj=j +1landa' =p;j_1+
¢’ for some ¢’ € C(vj—1, L) with ¢’ > hg?_l. By Lemma 3 (ii), we have ¢/ = 0
(mod g?j) and so

a = Dj—1 +c = Pj—1=1Dj —ngﬁ?_z (mod g?:%).

Since
h—1 h+j h—2 h—2_h—2 h—2
gi—1=2 ]gj—l =4v;27 gy =4vg;

it follows that

y=d —p;= —ngﬁ?_z (mod 4ng?_2).



Cassels Bases 283

There exists ¢ € C(v;, L) such thata = p; 4+ ¢. Lemma 3 (iv) implies that

la —d'| =le— (@' = ppl=le =yl zvigi? ~g;
which is a contradiction. This proves that if a,a’ € A\ A(—1) with a # a’ and

a € A(j), then |a —d'| > ngi-‘_z —-gj.
From Lemmas 3 (ii) and 4 we also have

a=pj+c< g? + (h + L)g? = 22hg§’ = (4g]~)h
and so a#~D/" < (4g;)"~1 and

a—a'|  vigh?—gj vj 1 1 1

> - - - - .
ath—1/h (4gj)h—1 4h_1gj 4h_1g;z—2 23h—1 4h_1g§z—2

Writing A as a strictly increasing sequence A = {a}72_, of non-negative integers,
we obtain

lim inf k1L — %k lim inf la—d|
k—oo gt=D/h T 4 area\a(-1) ah=D/ R
k ata
e f< 1 1 )
1m 1n —
- 3h—1 h—1,h—2
1
~ 93h—1"
This completes the proof. O

Theorem 10 (Cassels). For every integer h > 3 there exist a basis C = {c,}o,
of order h and real number A > 0 such that ¢, = Ant 4+ 0 (nh_l).

Proof. This follows immediately from Theorems 9 and 5. O

Open Problem 2 Let h > 2. Does there exist a basis C = {cp ;> of order h such
that ¢, = yn" + o(n"™1) for some y > 0?

Open Problem 3 Let h > 2. Does there exist a basis C = {cp 52 of order h such
that ¢, = yn" + O(n"~2) for some y > 0?

Open Problem 4 Let h > 2. Compute or estimate

sup{A > 0 : there exists a basis C = {cp}o— of order h such that ¢, ~ An"y.
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8 Notes

Raikov [13] and Stohr [15] independently constructed the first examples of thin
bases of order /. Another early, almost forgotten construction of thin bases is due
to Chartrovsky [3]. The g-adic generalization of the Raikov-Stohr construction
appears in work of Jia and Nathanson [8,9] on minimal asymptotic bases. The cur-
rently “thinest” bases of finite order appear in recent articles by Hofmeister [7] and
Blomer [1]. An old but still valuable survey of combinatorial problems in additive
number theory is Stohr [16].

The classical bases in additive number theory are the squares, cubes, and, for
every integer k > 4, the kth powers of non-negative integers, and also the sets
of polygonal numbers and of prime numbers. Using probability arguments, one
can prove that all of the classical bases contain thin subsets that are bases of
order h for sufficiently large /& (Choi-Erd&s-Nathanson [4], Erd&s-Nathanson [5],
Nathanson [10], Wirsing[18], and Vu [17]).

The construction in this paper of polynomially asymptotic thin bases of order &
appeared in the classic article of Cassels [2] in 1957. There is a recent quantitative
improvement by Schmitt [14], and also related work on Cassels bases by Grekos,
Haddad, Helou, and Pihko [6] and Nathanson [12].
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