Discrete Mathematics 312 (2012) 2069-2075

Contents lists available at SciVerse ScienceDirect

Discrete Mathematics

journal homepage: www.elsevier.com/locate/disc

Thin bases in additive number theory

Melvyn B. Nathanson *

Department of Mathematics, Lehman College (CUNY), Bronx, NY 10468, United States
CUNY Graduate Center, New York, NY 10016, United States

ARTICLE INFO ABSTRACT

Article history: The set 4 of nonnegative integers is called a basis of order h if every nonnegative integer can
Received 1 July 2010 be represented as the sum of exactly h not necessarily distinct elements of 4. An additive
Received in revised form 7 March 2012 basis « of order h is called thin if there exists ¢ > 0 such that the number of elements of

Accepted 19 March 2012

. . 1/h - . . .
Available online 6 April 2012 A not exceeding x is less than cx'/" for all x > 1. This paper describes a construction of

Shatrovskii of thin bases of order h.

- © 2012 Elsevier B.V. All rights reserved.
Keywords:

Additive number theory
Thin bases

Bases of finite order
Shatrovskii bases

1. Additive bases of finite order

The central theme in additive number theory is the representation of a nonnegative integer as the sum of a bounded
number of elements chosen from a fixed set of integers, such as the squares, the cubes, or the primes. Let Ny and Z denote
the sets of nonnegative integers and integers, respectively. For real numbers a and b with a < b, let [a, b] denote the interval
of integers between a and b, thatis, [a,b] ={n€Z:a <n < b}.

Let h > 2, and let (A1, ..., 4y) be an h-tuple of subsets of Ng. We define the sumset

A+ +A={a1+---+a,:aq € A fori=1,..., h}.
The h-fold sumset of a set 4 of nonnegative integers is

hh = A4+ A,
~————

h terms

The h-tuple (A1, ..., #Ay) is called an additive system of order h if A; + - - - + 4, = Np. The set »4 is an additive basis, or,
simply, a basis, of order h if hA = Ny. Note that every basis must contain 0 and 1. If (A, ..., /) is an additive system of
order h, then A = Uf;l #j is a basis of order h. The set « is an asymptotic basis of order h if the sumset hA contains all
sufficiently large integers.

For example, Lagrange’s theorem states that the squares are a basis of order 4, and Wieferich’s theorem states that the
nonnegative cubes are a basis of order 9. Let rq, . . ., 1, be relatively prime positive integers, and let

o‘%i =T *No = {T,'Ui S No}
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fori = 1, ..., h.There exists an integer C such that every integer n > C can be represented in the formn = ryv;+- - -+ vy
with vy, ..., vy, € Ng [8, Section 1.6], and so the set

h
A=10,C—11U| A
i=1
is an additive basis of order h.
Let g > 2. We can use the g-adic representation of the nonnegative integers to construct another class of additive bases
of order h. Let K1, . . ., Kj be pairwise disjoint subsets of Ny such that

No =K;U--- UK.
Fori=1,..., h, let F(K;) denote the set of all finite subsets of K;, and let

A = {Zskgk:F € F(K;) and g € {0,1,2,...,g—1}}. (1)
keF

Then (A1, ..., #y) is an additive system of order h with ﬂ:’zl A; = {0}, and A = UL] s; is a basis of order h.
The counting function of a set A of integers is

M@:}jm

acA
1<a=<x

If A is a basis of order h, then for all x € Ny we have

N AL PLELS
h h!

and so
A(x
mmmélzmwﬂ
x—>o0 x1/h

The basis 4 of order h is called a thin basis if

) ARX)
ll)r(ll Solip e < 00.

One of the earliest general problems in additive number theory was that of the existence and construction of thin bases of
finite order [11].In 1937, Raikov [ 10] and Stohr [ 14] independently solved this problem. Using the 2-adic representation and
the partition Ny = UL Ki,where K; = {k € Ny : k =i—1(mod h)}fori =1, ..., h, they proved that A = UL A; is a thin
basis of order h, where #; is the set defined by (1) with g = 2. Many thin bases have been constructed using variations of the
g-adic construction; see, for example, Cassels [2], Grekos [4], Nathanson [9] and Jia and Nathanson [6]. Recently, Blomer [1],
Hofmeister [5], and Schmitt [ 12] constructed other examples of thin bases.

In 1940 Shatrovskii [13] described a beautiful class of thin bases of order h that depends on the linear diophantine
equation n = a;x; + - - - + apx;, and does not use g-adic representations. This is an almost forgotten paper.! It has been
mentioned in a few surveys of solved and unsolved problems in additive number theory (e.g. Erd6és and Nathanson [3],
Nathanson [7] and Stéhr [15]), but MathSciNet lists no publication that cites Shatrovskii’s paper. This paper contains an
exposition of Shatrovskil’s construction of thin bases.

2. The construction

Fix an integer h > 2, and define

1
Then
1 1/
14— <2U/h
k

forall k > k.

1 Shatrovskii published his paper in Russian, with a summary in French. The transliteration of the author’s name in the French summary is Chatrovsky,
and this is the spelling that appears in Mathematical Reviews. I prefer the AMS and Library of Congress system for transliteration of Cyrillic into English.
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Letry, ..., ry be astrictly increasing sequence of pairwise relatively prime positive integers, thatis,r; < rjand (r;, 1;) = 1
for 1 <i < j < h.Let P be a positive integer such that

(i) P>r, —ry,and
(ii) if 1 <i <j < hand if the prime p divides r; — r;, then p divides P.
For every positive integer k and fori = 1, ..., h, we define the integers
Sik =T + kP. (3)

Thens;x < Syx <+ <Spk,andsyy >s1;7=r1+P > 2.

Let1 < i < j < h.If a prime number p divides both s; ; and s;, then p divides s;x — s;x = r; — r; and so p divides
P. Therefore, p divides both r; and r;, which contradicts (1, r;) = 1. It follows that sk, Sk, . . ., Snk IS a strictly increasing
sequence of pairwise relatively prime positive integers. Moreover, if 1 <i < j < h, then

Sik Tj—|—kp
;,k_ r,—+kP
hji—Ti
+r1+kP
Th — T
r1 4+ kP
P
+r1+kP

1<

1-1-1
< —.
k

Ifk > ko, thens;j < sjx < 2/s;4.
For every positive integer k, we define the integer

h

h
Se=[ [sie =[] +kp. (4)
i=1

i=1

Thens! , < S <sp . ands}, < 2s < 25, fork > ko.
For all k > 1 we have

Sti1 T (1t (k+ 1P
1< —/— = - -
= 1_[( ri + kP

St i=1
h P
= 1
,11 < * ri+ kP)

1—{—1 h
< - .
k

If k > ko, then

Sk < Sk+1 < 25](.

For every positive integer k and fori = 1, ..., h, we define the integers
h
Sk
= — = [[sir (5)
Sik
J#i

Thena;x > ayx > -+ - > apy. For k > ko, we have

Sk
Qn,k

Suppose that there is a prime number p that divides a; foralli = 1, ..., h. Because p divides ay j, it follows from (5)
that p divides s, for some ¢ € {2, 3, ..., h}. Because p also divides ayy, it follows from (5) that p divides s, x for some
m € {1,2,3,...,h}\ {£}. This is impossible because (¢, Smx) = 1. Therefore, aj k, ax k. ..., an is a strictly decreasing
sequence of relatively prime positive integers.

= sy < 2'/1)/" (6)
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Lemma 1. Let h > 2, and let rq, . . ., 1y be a strictly increasing sequence of pairwise relatively prime positive integers. For every
positive integer kandi = 1, ..., h, let si, Sk, and a; x be the positive integers defined by (3)-(5), respectively. Let k1 > ko(h).
For every positive integer t, there is a unique nonnegative integer £(t) defined by

Skyre) = S,ﬁl < Sky+et)+1- (7)
Then £(1) = 0 and the sequence {£(t)};2, is strictly increasing. Moreover,

1 2

(8)

Ski+ee) Sy

Proof. Because the sequence {Si};2, is strictly increasing, for every positive integer t there is a unique nonnegative integer
£(t) that satisfies inequality (7). In particular, S, < S,}] < Sk,+1and so £(1) = 0.If k > kq > ko, then Sy < 25 and so
1
5,51 < Skytev)+1 < 2Ske) < 25,€1 < SEL < Sky+e+1)+1-

It follows that £(t) < £(t + 1).
Inequality (8) follows from

Slzl < Sig+e)+1 < 2Sky+e(0)-

This completes the proof. O

Lemma 2. Let h > 2, and let rq, . . ., 1y, be a strictly increasing sequence of pairwise relatively prime positive integers. For every
positive integer kandi = 1, ..., h, let s;, Sy, and a; x be the positive integers defined by (3)-(5), respectively. For every integer
n such that (h — 1)S, < n < L, there exist positive integers vy, v, ..., vy Such that

a1 V1 + a2 + -+ Appvp =N
and1 <v; <sjyfori=1,...,h—1and 1 < v, < L/apy.

Proof. By Lemma 1, the integers a;, az, ..., an i are relatively prime, and so there exist integers us, uy, ..., Uy, Not
necessarily positive, such that

aqkUy + A Uy + -+ - + Ap Uy = 1.
Foreachi=1,2,..., h — 1thereis a unique integer v; € {1, 2, ..., s; x} such that

v; = u;(mod Sjk).

Then
h
n= E aj, kUi

i=1
h—1 h—1

= a; | Vi + E aj, k(ul Vi ) + Qp,kUn
i=1 i=1
h—1

= a; Vi + g a; kSi k ( > + Qp,kUp
i=1
h—1

Ui — v

= a; xVi + Sk E + an ln
i=1
h—1 h—1

Ui — v;

= i kVi + An,kSh,k =+ Qp,kUp
i=1 i=1 Si.k
h

= § aj, k V;
i=1

where
Vi
Uh—Sth ( >+Uh€Z.
Sik
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The inequality

h—1 h—1
E a; v < E aiSik = (h — 1)S
i1 pa

implies thatif n > (h — 1)S;, then
h—1
ap kVp =N — Za,-,kvi >n-— (h — 1)Sk >0
i=1

and so v, > 1. Moreover, aj yv, < n < Land so v, < L/ap k. This completes the proof. O

Theorem 1. Let h > 2,andlet rq, ..., ry be astrictly increasing sequence of pairwise relatively prime positive integers. For every
positive integer kandi = 1, ..., h, let s;, S, and a; x be the positive integers defined by (3)-(5), respectively. Let ky > ko(h).
For every positive integer t, let £(t) be the integer defined by (7), and let

h—1S
Vi = {a,-,kﬁg(t)vi LV € [1, Si,k1+€(t)] fOfi (S [], h— ]] and Uy € [1, ()W(Hﬂ)i“ .

Qh,kq4-£(t)
Then:
(i)
Wil < 2(h — 1)Sk1+é(t+1).
A, kq+£(t)
(ii)

hVe 2 [(h = DSk4ee) + 1, (h = DSiyseesn | -
(iii) For every positive integer ty, the set

o0
‘Atl == U Vt
t=tq
is an asymptotic basis of order h.
(iv) The set
o0
A=10,5,1UJw
t=1

is a basis of order h.

Proof. Fori=1,...,h — 1 we have

Sky+e(t) - Sky+ee+1)

Siky+e(t) =
Qi ky+£(t) (h,ky+£(t)

and so
h—1

Vel < Zsi,k1+£(t) +
i=1 A kq+£(t)

- 2(h — 1)S, vee+1) '

Qh,ky+£(t)

(h — DSk, +ee+1)

This proves (i).

Lemma 2 implies statement (ii), and statement (ii) implies that the h-fold sumset h;, contains every integer n >
(h — 1)Sk,+et;) + 1. Thus, A, is an asymptotic basis of order h. In particular, h4; contains every integer n > (h— 1)Sy, + 1.
Because

[0, (h — 1)Sk,]1 < [0, hSx,] = h[O, S, ]
it follows that 4 = [0, Sk, ] U »41 is a basis of order h. This completes the proof. O

Theorem 2. The set

o0
A=1[0,5,]U| v

t=1

constructed in Theorem 1 is a thin basis of order h.
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Proof. Let A(x) be the counting function of the set «. For all x > S,, there is a smallest positive integer t* such that
Sk1+K(t*) <X. Then
X
Skyter) <X < Skjver+1) = 5,51+1
and
1 1
g+ <7 (9)

kq X

Because V;(x) < |V¢| for all x, we have

00 t* )
AR < S+ Vi) <SS+ Y Vil + Y V).
t=1 t=1 t=t*+1

We shall estimate the two sums separately. From Theorem 1 (i) and inequality (6), we obtain

t*

t*
2(h—1)S
ZM' < Z ( )Sky+e(e+1)
=1

Qh,key+-£(t)

t=1
t* t+1
<2(h-1) k
=1 hkq+e(t)
t* t
=2h—1)S, Yy —
=1 Ahki+e)
c Sky+e0)+1
< 2(h = 1S, _—

=1 kg +e()

t*

Ski+e(t)
4h—1S, > ﬁ
t=1 “hkq+L()

IA

A

t*
2+1/h 1/h
2271 (h — DSk, Zsle(t)
t=1

IA

f*

h

22 Mh—1)5, YS!
t=1

<21+1/hh(h _ 1)5;]"'1”1) S[*/h

A

1/h k1
s/ =1
22+1/h(h _ 1)5[}]‘"1/’7 b
< *
S,:/h _1 ey +€(t*)+1
1
22+2/h(h _ I)SIII‘H/"' "
< *
S,:/h 1 kq+£(t*)
1
22+2/h(h _ 1)5’33‘1/’1 o
= 7h X,
se" -1
1

< x, then

To estimate the second sum, we observe that if a; k, +¢c)vi € Vi and a; g, ¢ vi
X X
1< < <

Qikyte®)  Ahky+e(e)
Applying inequalities (6), (8) and (9), we obtain

o) 00 h X
2o Vs 3o Y]
fape o7 @ik e
t=t*+1 t=t*+1 i=1 1
> 1
< hx

t=t*+1 ah,kl +L€(t)
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00 1 1-1/h
<2y ()
t=t*4+1 Sk] +L£(t)

00 2 1-1/h
S ()

Lo \Sk+em+1
o 1
< 2hx Z W
t=t*4+1 2,
2hs, " X
- S]:]—l/h 1 slgf‘l/h)(f*#%)
2hs, "
< S;]—]/h — 1) xi-m
(28
S =1 '

This completes the proof. O

References

[1] V. Blomer, Thin bases of order h, J. Number Theory 98 (2003) 34-46.
[2] JW.S. Cassels, Uber Basen der natiirlichen Zahlenreihe, Abhandlungen Math. Seminar Univ. Hamburg 21 (1975) 247-257.
[3] P.Erdés, M.B. Nathanson, Problems and results on minimal bases in additive number theory, in: Number Theory (New York, 1984-1985), in: Lecture
Notes in Math., vol. 1240, Springer, Berlin, 1987, pp. 87-96.
[4] G. Grekos, L. Haddad, C. Helou, J. Pihko, Variations on a theme of Cassels for additive bases, Int. ]. Number Theory 2 (2) (2006) 249-265.
[5] G.Hofmeister, Thin bases of order two, ]. Number Theory 86 (1) (2001) 118-132.
[6] X.-D. Jia, M.B. Nathanson, A simple construction of minimal asymptotic bases, Acta Arith. 52 (2) (1989) 95-101.
[7] M.B. Nathanson, Additive problems in combinatorial number theory, in: Number Theory (New York, 1985/1988), in: Lecture Notes in Math., vol. 1383,
Springer, Berlin, 1989, pp. 123-139.
[8] M.B. Nathanson, Elementary Methods in Number Theory, in: Graduate Texts in Mathematics, vol. 195, Springer-Verlag, New York, 2000.
[9] M.B. Nathanson, Cassels bases, in: D. Chudnovsky, G. Chudnovsky (Eds.), Additive Number Theory, Springer, New York, 2010, pp. 259-285.
[10] D. Raikov, Uber die Basen der natiirlichen Zahlentreihe, Mat. Sbornik N. S. 2 44 (1937) 595-597.
[11] H. Rohrbach, Ein Beitrag zur additiven Zahlentheorie, Math. Z. 42 (1) (1937) 1-30.
[12] C. Schmitt, Uniformly thin bases of order two, Acta Arith. 124 (1) (2006) 17-26.
[13] L.L Shatrovskii, Sur les bases minimales de la suite des nombres naturels, Bull. Acad. Sci. URSS. Sér. Math. [Izvestia Akad. Nauk SSSR] 4 (1940) 335-340.
Available online at http://www.mathnet.ru/links/56562415a714235eb0a5867ee02aaab1/im3895.pdf.
[14] A. Stohr, Eine Basis h-Ordnung fiir die Menge aller natiirlichen Zahlen, Math. Zeit. 42 (1937) 739-743.
[15] A. Stohr, Geloste und ungeldste Fragen iiber Basen der natiirlichen Zahlenreihe, I, 11, J. Reine Angew. Math. 194 (1955) 40-65. 111-140.


http://www.mathnet.ru/links/56562415a714235eb0a5867ee02aaab1/im3895.pdf

	Thin bases in additive number theory
	Additive bases of finite order
	The construction
	References


